In this study, the damping mechanism at the interface of the mating spur gear teeth is investigated. The dynamic behaviour of a spur gear pair is represented by a two Degree-of-Freedom (DOF) nonlinear model with the damping provided by the instantaneous tribological behaviour of the tooth contacts. The shear stress distributions along the tooth surfaces are incorporated with the dynamic model to formulate the periodic gear mesh viscous damping. With the assumption the radii of curvature of the contact surfaces can be represented by the ones at the pitch point, a simplified expression for the damping ratio is formulated.
Introduction
Dynamic modelling of gear pairs and gear trains has been an active research field in power train engineering for two main reasons. One is directly related to the noise and vibration requirements that the gear system must meet. A vibratory model of the gear system predicts the natural modes and resonance frequencies as well as the dynamic gear mesh and bearing forces transmitted to the surrounding structures. Such a model allows one to check whether any resonance peak is present within the frequency range of operation. It also allows the determination of the optimal tooth profile modifications which minimise the gear mesh and bearing forces. The other main reason for gear dynamic modelling is the durability concern. Dynamic gear tooth forces are typically larger than those predicted under the quasi-static condition, potentially impacting the tooth bending and contact fatigue lives of the gear system.
A very large number of the dynamic models have been proposed over the last 50 years, as reviewed extensively by Ozguven and Houser (1988a) and more recently by Wang et al. (2003) . These models vary in many aspects. Focusing on spur gears, single or multi-degree-of-freedom discrete models and Finite Element (FE) based deformable body models have been proposed. The published experimental data clearly indicate (Blankenship and Kahraman, 1995; Kahraman and Blankenship, 1996 , 1997 , 1999a , 1999b Kubo et al., 1972; Munro, 1962; Umezawa et al., 1986 ) that spur gear pairs act as nonlinear time-varying systems due to the gear backlash and periodically varying gear mesh stiffness. Therefore, several discrete, nonlinear, time varying (NTV) models were shown to correlate to spur gear experiments well (Blankenship and Kahraman, 1995; Kahraman and Singh, 1990; Kahraman and Blankenship, 1996; Ozguven and Houser, 1988b; Theodossiades and Natsiavas, 2000) . These models typically employed two rigid disks to represent the inertias of the gear bodies that are connected with each other through a gear mesh interface model along the line of action. The gear mesh interface formulation of these models consists of four main components. The first component is a time-varying stiffness employed to represent the overall gear mesh flexibility including the compliances associated with the contact, tooth bending, shear and base rotation of the gear teeth as well as the change of the number of tooth pairs in contact with rotation. This mesh stiffness is typically subjected to a piecewise-linear clearance with a dead zone (backlash) allowing tooth separations to take place. Modelling of this clearance component is required to capture the change in stiffness when such nonlinear motions occur. The third component is a periodic displacement excitation, often called the Transmission Error (TE) excitation, again applied along the line of action to account for the disturbances caused by intentional tooth profile modifications such as tip and root relief or profile crown as well as unintentional manufacturing deviations from the actual tooth profile. The last gear mesh interface component is a viscous damper to account for the energy loss at the gear mesh interface. Among those four components, the stiffness and transmission error functions can be predicted by using any gear contact or load distribution model (Conry and Seireg, 1973) under quasi-static condition; and the backlash magnitude can be determined from the effective center distance and tooth thickness values. However, the derivation of the damping element is not as straightforward as the others. Almost all of the previous gear dynamic models employed a user-defined constant viscous damping coefficient, stating that it must be determined empirically. A wide range of gear mesh damping ratio value can be cited in the experimental gear dynamics literature, ranging from the values as low as 1-2% (Blankenship and Kahraman, 1995; Kahraman and Blankenship, 1996 , 1997 , 1999a , 1999b Munro, 1962) to those as high as 10% (Kubo et al., 1972; Umezawa et al., 1986) . Although the accuracy of the natural frequencies and resonance frequencies would be influenced slightly by the actual value of the damping ratio within this range, its impact on the resonance peak amplitudes is significant. In addition, the nonlinear behaviour induced by backlash and parametric resonances associated with the time-varying gear mesh stiffness are both very sensitive to the damping value of the gear mesh (Kahraman and Blankenship, 1996; Kahraman, 2005, 2006) . Higher values of damping typically suppress both the nonlinear behaviour and parametric sub-harmonic resonance, hence, dictating the response characteristics in terms of the degree of nonlinearity and sub-harmonic motions.
Another group of dynamic models employed FE based approach (Parker et al., 2000; Tamminana et al., 2007) where the deformations of the gear bodies were included in addition to the compliances of the gear mesh. In these models, the gear mesh stiffness and the TE excitation were included implicitly through a deformable multi-body formulation as well as the backlash condition. These models were shown to compare with the experiments even better (Tamminana et al., 2007) , provided the level of the gear mesh damping is known. These deformable body models often employed a damping matrix that is proportional to the stiffness and mass matrices of the system with the two proportionality constants determined empirically.
Several recent studies including Kahraman et al. (2007) and He et al. (2007) investigated the off line of action vibrations of gear pairs that are caused by the friction at the gear mesh interface. In these models, either a simple dry friction model or sliding friction formulae obtained from experiments or Elastohydrodynamic Lubrication (EHL) models were used to couple the motions along the line of action with those along the off line of action. These models still retained a user-defined gear mesh damping to predict the line of action motions. On the other hand, gear EHL models were proposed to predict the gear mesh mechanical power losses mainly for efficiency prediction purposes (Li et al., 2009; Li and Kahraman, 2010b; Xu et al., 2007) . The relation between the gear mesh interface mechanical power loss and damping has drawn very little attention.
It is clear from the review of the published work that very little is known about the level and mechanism of gear mesh damping. The question of how the EHL behaviour of gear contacts impacts the dynamic response remains mostly unanswered. The fidelity of using a constant damping value at every speed, every gear mesh instant and every lubricant type and temperature has not been investigated. There is no published formulation to allow an estimation of the gear mesh damping as a function of the operating conditions (speed and torque), surface conditions as well as lubricant parameters. This paper aims at developing a viscous gear mesh damping formulation from the principle of EHL theory to fill this void. A full film lubrication version of the gear EHL model (Li and Kahraman, 2010a ) is incorporated with a purely torsional spur gear dynamics model to obtain an approximate equivalent damper in the direction of line of action. The variation of the damping value with the gear mesh position (gear rotation) is investigated and the influences of various contact conditions including speed, torque and lubricant temperature on the resultant gear mesh damping value are demonstrated.
Gear mesh viscous damper formulation

Discrete gear dynamics model
A conventional single DOF NTV dynamic model for spur gear pairs, which was shown to correlate well with various spur gear dynamics experiments (Tamminana et al., 2007) , is used here to investigate the gear mesh damping mechanism. As shown in Figure 1(a) , the mating gear pair with base radii of r 1 and r 2 is represented by two rigid wheels of polar mass moments of inertia J 1 and J 2 , connected via a time-varying mesh spring element k(t) subject to a backlash of 2b and a viscous damper c, both applied along the line of action of the gears. As stated earlier, any manufacturing errors as well as any intentional tooth profile modifications are also considered and modelled as the external displacement excitation e(t). In the attempt to capture the actual gear mesh damping mechanism instead of assuming any constant damper, the power dissipation at the interface of the mating tooth pair (Figure 1(b) ) is used to model the gear mesh damping in place of the constant c. It is noted in this figure that both the traction forces exerted on the pinion and gear tooth surfaces by the lubricant film, F 1 and F 2 , and the tangential dynamic tooth surface velocities, u 1 and u 2 , are in the off line of action direction of the gears. With the positive directions of the alternating rotational displacements θ 1 and θ 2 and the applied torque T 1 and T 2 defined in Figure 1 (a), the equations of motion of the spur gear pair can be written as
where the additional subscript n denotes the nth loaded tooth pair such that F 1n and F 2n represent the pinion and gear traction forces of the nth tooth pair in contact, and R 1n and R 2n are the corresponding contact radii as shown in Figure 2 for a tooth pair contacting at point C (The subscript n is omitted in the figure for simplicity purposes). Here, N denotes the number of tooth pairs in contact at a certain mesh position. For most spur gear pairs, the maximum N is 2, such that the contact ratio of the gear pair is between 1 and 2. A gear load distribution model similar to that of Conry and Seireg (1973) is used to determine the static transmission error under unloaded (e(t)) and loaded ( ( )) e t conditions. The difference between e(t) and ( ) e t is used to estimate the mesh stiffness as
T r e t e t = − (Tamminana et al., 2007) . The nonlinear restoring function δ(t)
with the backlash nonlinearity is given in a piecewise linear form as
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In this equation, the first condition represents the linear motions with no tooth separations, while the second and third conditions represent the tooth separations (single-sided impacts) and the back side contacts (double-sided impacts). Although tooth separations were demonstrated to occur commonly in spur gears, there has been no experimental data showing back contacts under loaded steady state conditions. With the friction induced damping acting in the off line of action direction, this discrete dynamic system has two degrees of freedom, one of which represents the rigid body motions. 
An EHL based gear mesh viscous damping formulation
The tooth surface velocities consist of a kinematic component due to the nominal rotation of the gears and an alternating (dynamic) component due to the vibratory motions of θ 1 and θ 2 . For any arbitrary contacting tooth pair, the instantaneous tangential surface velocities of the pinion and gear are Figure 2 . The movement of the surfaces of the tooth pair in contact entrains the lubricant into the contact zone, establishing a hydrodynamic fluid film that separates the contacting surfaces. The viscous shear that the lubricant film endures transforms certain amount of kinetic energy into frictional heat, dissipating the power to constrain the motion amplitudes, which is also referred as viscous damping effect.
As illustrated in Figure 3 , the shear stress within the lubricant varies linearly along the film thickness direction z. Considering both Poiseuille and Couette flows, the lubricant shear stress is expressed as (Li and Kahraman, 2010b) 2 1
where p and h denote the hydrodynamic pressure and film thickness, both of which vary along the rolling direction x (the off line of action direction) within the contact zone. Since the gear contact experiences large sliding motions as it moves away from the pitch line, the resultant high shear rates in the addendum and dedendum regions make inclusion of the non-Newtonian behaviour of the fluid necessary. Here, the Eyring fluid effective viscosity Li et al., 2009; Kahraman, 2010a, 2010b) , τ 0 is the lubricant reference shear stress, and η is the lubricant viscosity that is dependent on the hydrodynamic pressure. In this work, in order to avoid the overestimation of the viscosity in the high pressure range, the two-slope model of Allen in its modified form (Goglia et al., 1984 ) is used with a typical automatic transmission fluid whose properties are listed in 
This relationship divides the pressure into three ranges, low (p < p a ), high (p > p b ) and the transition regime in between, defining two pressure-viscosity coefficients α 1 and α 2 for the low and high pressure ranges, respectively. The coefficients c 0 , c 1 , c 2 and c 3 are determined in such a way that both η and dη/dp are continuous at the transition points.
It is also noted here that any measured pressure-viscosity function can be used in place of equation (5). Table 1 Basic parameters of the automatic transmission fluid used in this study Figure 2 , the continuous gear EHL formulation of Li and Kahraman (2010a) is employed. Instead of treating the contact at each mesh position as an independent steady-state EHL event with constant contact parameters, this model follows the tooth contact from the Start of Active Profile (SAP) all the way to the tip of the tooth, in the process including the variations of the contact radii, surface velocities and the normal tooth force along the mesh position. The squeezing and pumping effects caused primarily by the sudden tooth load changes due to the fluctuation of the number of tooth pairs in contact are also captured in this model (Li and Kahraman, 2010a) . Defining a computational domain of max max 2.5 1.5 a x a − ≤ ≤ in the direction of rolling where a max is the maximum half Hertzian width of the contacts through the entire line of action and applying a refined mesh of I grid elements to avoid any discretisation errors, the shear stresses at each grid node, 1 1 ( )
are then determined by using the above procedure.
Denoting the area of the uniform tooth surface grid element as A, the total traction forces exerted on the surfaces of the nth tooth pair ( [1, ]) n N ∈ are written as 1 1 2 2 1 1 , .
Substituting equations (3) and (4) into equation (6), the following expressions of the traction forces are arrived
From these expressions, the viscous damping associated with the dynamic components of the velocities, 1 1 R θ and 2 2 , R θ for the nth contacting tooth pair is extracted as
It is seen that this viscous damping term is directly proportional to the lubricant viscosity and inversely proportional to the film thickness. Since the lubricant viscosity varies exponentially with the pressure according to equation (5) and the contact pressure changes with the mesh position as the gears roll, the viscous damper defined above becomes periodically time-varying. In addition, the surface velocities and the lubricant temperature (through its influence on the oil viscosity) dictate the film thickness, causing D n to be impacted by the operating speed and temperature conditions as well. Defining the mean sliding friction force and the rolling friction force as
the equations of motion (equation (1)) of the gear pair are rewritten with the above damping formulation as
These equations define a damping matrix in the form of
This viscous mesh damping matrix is periodically time-varying since both D n and the radii of curvature vary periodically at the gear mesh frequency.
Definition of an equivalent viscous damper along the line of action direction
Most of the dynamic models reviewed earlier used a constant, user-defined viscous damper in the direction of line of action to represent the power losses taking place at the gear mesh. The formulation proposed in the previous section indicates that this is indeed a gross simplification of the actual meshing condition. However, the use of the proposed formulation requires one to couple a transient EHL model with a gear dynamics model, involving a certain level of complexity especially when applied to larger, multi-mesh gear systems. Therefore, a simplified formulation of an equivalent damper along the line of action direction has certain practical value. One such formulation is possible when the variations of the tooth contact radii of curvature along the mesh cycle are ignored. Considering the radii of curvature when the contact point C is at the pitch point as the representative radii of curvature, 1 1 tan R r φ = and 2 2 tan R r φ = as shown in Figure 2 where φ is the pressure angle. Substituting these radii into equation (10), one obtains 2 2 2 1 1 1 1 1 2 2 1 1 1
which reduces the damping matrix of equation (10c) 
Example results
The gear mesh viscous damping term D in equation (8) (for any given tooth pair n) is a time-varying parameter rather than being constant as the contact point moves along the tooth profile from the SAP to the tip. An example spur gear pair having the parameters listed in Table 2 is considered in this work. In addition, an example automotive lubricant is used whose properties at various temperature levels are given in Table 1 . Here, the ambient viscosity and density, and the first pressure-viscosity coefficient are measured values, while the second slope of the pressure-viscosity relationship and the transition pressures are estimated. Based on a smooth surface EHL analysis, the predicted D values are given in Figure 4 for T 1 = 300 Nm, a lubricant temperature of 50°C and four different rotational speed values of Ω 1 = 500, 1000, 1500 and 2000 rpm. It is observed in Figure 4 that D increases as the contact moves closer towards the pitch point, where the maximum damping value is reached. This is because of two primary reasons:
• the effective viscosity of the lubricant increases as the contact pressure increases near the pitch point
• the non-Newtonian behaviour of the lubricant is reduced as the relative sliding diminishes near the pitch point.
Two separate discontinuities are observed at the lowest and highest points of single tooth contact (LPSTC and HPSTC), where sudden changes of the normal tooth force occur due to the change in the number of loaded tooth pairs. It is also observed that the damping value reduces with increased speed, primarily due to increased film thicknesses. The corresponding viscous damping ratio values along the line of action under the same contact conditions are given in Figure 5 . It is clear that ζ is not constant, but varies periodically at the gear mesh frequency. It reaches its maximum value when the contact is at the pitch point (for instance, for Ω 1 = 500 rpm, ζ = 5% at the pitch point) and is significantly lower in the double-tooth contact regions (as low as ζ = 0.1% for Ω 1 = 500 rpm). The first three Fourier harmonic amplitudes of ζ at Ω 1 = 500 rpm are 0.3, 0.23 and 0.2% and the mean value is 0.45%. The influence of the rotational speed of gears on the gear mesh damping is also evident in this figure. The ζ value at Ω 1 = 2,000 rpm fluctuates between 2% and 0.03% while the first three harmonic amplitudes are reduced to 0.09, 0.07 and 0.06% with a mean value of 0.12%. Considering the baseline operating conditions as T 1 = 300 Nm, Ω 1 = 2000 rpm and oil temperature of 50°C, the influence of the oil temperature (through the change in viscosity it causes) on damping is demonstrated in Figure 6 . Here, the ζ values for 25, 50 and 75°C are quite different. At the lowest temperature value, the mean value of ζ is 0.17% while it is only 0.08% at 75°C. This can be directly attributed to the reduction in the fluid shear defined in equation (4) with reduced oil viscosity as listed in Table 1 for these three temperature values. Here, it is found that the ζ values of the gear pair are higher for higher torque levels.
The main reason for this is the strong dependence of oil viscosity on the pressure value as captured in equation (5). At the LPSTC, the contact pressure increases sharply due to the sudden increase in gear mesh force, elevating the effective viscosity to the order of 100 Pas. Additionally, pressure ripple is observed at both the inlet and outlet of the contact zone resulting from the substantial squeezing effects (Li and Kahraman, 2010a) , causing η* ripples at the corresponding locations. Moving on to the pitch point (point D), the pressure level is only slightly increased, while the viscosity reaches to the order of 1,000 Pas. At the pitch point with pure rolling (no sliding), the non-Newtonian effects do not exist such that η* = η. At this instant, the relationship between η* and p becomes exponential, resulting in this significant increase of the η* value. This sliding effect on η* can be confirmed at HPSTC (point E), where the pressure distribution is about the same as that at the pitch point while the effective viscosity decreases to almost 10% of that at the pitch point due to the non-Newtonian effects. This explains the relatively sharp increases of D in Figure 4 and ζ in Figures 5-7 as the contact moves toward the pitch line from the LPSTC or HPSTC. Since the fluid film thickness varies limitedly as shown in Figure 8 due to the constant surface rolling velocity of this unity ratio example gear pair, the gear mesh damping variation is primarily determined by the change in lubricant viscosity according to equation (8).
Conclusion
In this study, a new viscous damping formulation for a spur gear pair was proposed based on a transient gear elastohydrodynamic lubrication model and a torsional dynamic model. The shear stress distributions along the tooth surfaces were computed by an elastohydrodynamic lubrication model of a spur gear pair, reduced to instantaneous surface traction forces, and incorporated into the dynamic model to formulate a periodically time-varying gear mesh viscous damping. With the assumption that the radii of curvature of the contact surfaces can be represented by those at the pitch point, a simplified expression for the damping ratio of the gear pair was derived along the line of action direction. The example results were presented at the end to state that the gear mesh damping is not constant. At a given set of operating conditions, the gear mesh damping is a periodically time-varying function with a fundamental frequency equal to the gear mesh frequency. In addition, the mean and alternating values of the gear mesh damping increase with increased torque while decrease with increased rotational speed and lubricant temperature. These results clearly point to the shortcomings of the previous gear dynamic models in using a constant viscous gear mesh damping within the wide ranges of torque, speed and lubricant temperature.
Our current research on this topic includes an investigation of the impact of the gear surface roughness under mixed EHL conditions when asperity contacts are possible. We are also conducting companion investigations on the impact of dynamic tooth forces predicted by the gear dynamics model on the lubrication conditions of the gear contacts as well as the influences of the contact friction forces on the off line of action vibrations of the gear pairs. A sensitivity study of the impact of various gear design parameters on the gear mesh damping is also underway. The results of these studies will be reported in separate papers. 
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